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THE REGULARIZING EFFECTS OF SOME LOWER ORDER 
TERMS IN AN ELLIPTIC EQUATION WITH DEGENERATE 

COERCIVITY 

GISELLA CROCE 



rrt Abstract. In this article we study an elliptic problem with degenerate co- 

ercivity. We will show that the presence of some lower order terms has a 
regularizing effect on the solutions, if wo assume that the datum / G L'"(f2) 
for some m > 1. 



Consider the problem 

(1.1) 



1. Introduction 



-Au+\u\P-\^ f inn 

u ~ on dil . 



It is known that the lower order term \u\p~'^u has a regularizing effect on the 
^ ' solutions: indeed the solution u belongs to the Lebesgue space L^(ri) under the 

CO i weak assumption that the datum / g L^(i7) (see [H]); moreover Vu G L*(51), 

^: g<^(seeIS]). 

^— ^ . A stronger effect can be observed if we consider a lower order term h{u) where 

h : [0, a) -^ R^ is a continuous, increasing function with a vertical asymptote in 
(7 ((T > 0). Indeed in [5] it is shown that if / is an L^(f7) positive function, then 

("^ ' there exists a bounded i?o(^) solution to 

, , J -Au + h{u) = f in f} 

^ > \ u = onar^. 

p\^ • All these results have been proved for general nonlinear coercive elliptic problems 



H ! too 



In this article we want to analyse the regularizing effects of the same kind of 
lower order terms as in problems ()1.1|) and (|1.2|) in the case of an elliptic operator 
with degenerate coercivity. More in details, let us consider the differential operator 

(1.3) A(w) = -div(a(a;,w)Vw) , v e H^i^) 

under the following assumptions: J7 is an open bounded subset of M.^ ,N > 3, and 
a:nxR— >Risa Caratheodory function such that for a.e. a; 6 J7 and for every 

seK 

(1.4) a(.,.)>^^-^^ 
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and 

(1.5) |a(x,s)|</3 

for some real positive constants a,/3,7. Assumption (|1.4p implies that the differ- 
ential operator A is well defined on 7?g(n), but it fails to be coercive on the same 
space when v is large (see [T^). Due to the lack of coercivity, the classical theory 
for elliptic operators acting between spaces in duality (see [16]) cannot be applied. 
Despite this difficulty, some papers (see [I], [5], [6], [7], [12], [14] and [15]) have 
been written about Dirichlet problems with the differential operator A. In particu- 
lar in [1] , [5] and |7] it has been shown the existence of solutions to the differential 
problem 

, , r -div(a(a;,u)VM) = / in f] 

^ ' ' \ u — on dil 

in the case where / e L'"(51) with m > 1 and 7 G (0, 1]. Indeed, let 

_ A^m(l-7) 
^ ~ N ~2m 
and 

Nm{l -7) 



(1.7) 
and 

A* — 171(1 + 7) 

If / G L"^{Q), with 1 < m < max < n+i-^in-u 1 1 f problem (|1.6p admits a solutic 
u such that 

|M|"eLi(f7), .s<r 
and 

\Vu\'eL\n), s<q. 

I^ W+1-7(7V-1) < ™ < Ar(l-7)+2(7+l)' *^'^'^ 



^"^ iV(l-7)+2(7 + l) ^ ™ *- 2 ' ^'^"^ 



M e Vt^o'''(r2). 
uei/o^(0)nL''(f]). 



If m > Y > then 

ueH^{n)nL°°{n). 

In the case where 7 > 1, the effect of the degenerate coercivity is even worst: 
indeed problem (|1.6p may have no solution at all, even if the datum / is a constant 
function (see [7] and [1]). In any case the degenerate coercivity of the operator A 
gives solutions less regular than the solutions to uniformly elliptic problems. 

In the spirit of problem (jl.ip . the first problem that we will consider in this 
article is 

— div {a{x, u)Vm) + |u|^~ u — f in il 



We will study the existence of distributional solutions, that is the existence of some 
function u in Wq' (J7) (at least) such that \u\'p £ L^{Vl) and 

a(a;, u)Vm • Viy9 + / |?i|^^"'"iii^ = / f ip 
n Jn Jn 
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for every ip e C^(r2). We will also use a weaker notion of solution, the entropy 
solution. We recall that this type of solution has been introduced in [2]. To give 
this definition we need the following lemma (see [5] for the proof). We define 

Tk{s) = max{— fc, min{fc, s}} 

Lemma 1.1. Let u : Q, -^ M. be measurable function such that Tk{u) € HQ{fl) for 
every k > 0. Then there exists an unique measurable w : J7 — >■ M^ such that 

S7Tk{u) ^ V X{\u\<k} q.o. inft \fk > 0; 

the map v is called the weak gradient of u. If u & W^ (17), then the weak gradient 
of u coincides with its standard distributional gradient. 

Definition 1.2. Let / be an L™-{il) function, with m > 1. A measurable function 
w : il ^> M such that \u\p G L^{^) and Tk{u) e H}^{U,) for every fc > is an entropy 
solution to problem (|1.9p if 



a{x,u)Vu-VTk{u- ip) + I \u\P ^uTk{u - p) < / fTk{u-ip) 

for every fc > and for every ip e Hq{^) H L°°{il). 

Note that this definition is useful in the case where the solution of problem (I1.9P 
does not necessary belong to a Sobolev space. Indeed, about the gradient of the 
solution, it has a sense under the weak hypothesis that VTfc(u) £ L^(r2), we don't 
need that Vm e L^{^), as for distributional solutions. 



Definition 1.3. The Marcinkiewicz space M''(il), s > 0, is made up of all mea- 
surable functions w : fi — > K such that |{|ti| > fc}| < p- for all fc > 0, for a positive 
constant C > 0. 

One can show that, if |ri| is finite and if < £ < s — f 

(f.io) L'{n)cM'{n) cL^-^in). 

We can now state our existence results for problem ()I.9p . 

Theorem 1.4. Let f e L^{n). 

(1) If p > ^ + I, then there exists a distributional solution u to problem lil.9fl 



such that 

u^WQ''{Vt)C^LP{Vt), s< 



l:S/o^ ^ TVtf^\ . ^ 2p 



7 + 1 +p 

(2) //O < p < 7 + 1, then there exists an entropy solution u to problem hl.9fl 
such that 

\u\P e L^{Vl) and \Vu\ G M^iTTT3{Vt). 

Observe that the presence of the lower order term \u\p~^u guarantees the exis- 
tence of a distributional solution if / is a L^(f2) function. On the contrary, problem 
(|1.6|) may have no distributional solution, because the summability of the gradient 
of the solutions may be lower than 1. 

In the case where / £ L"^{Vt) with m > 1, we will prove the following existence 
result. 

Theorem 1.5. Let f £ i'"(f^), with m > 1. 
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J + 1 

(1) If p > , then there exists a distributional solution u to problem li.ffp 

m ~ 1 
such that 

u£H^{n)nLP"^n). 
"f ^ + 1 

(2) // < p < , then there exists a distributional solution u to 

m — 1 TO — 1 

pm 



problem \1.9(l such that 

e L^{n) and u G wl'^^^^{n) 



\u 



(3) If < p < , then there exists an entropy solution u to problem \1.9j} 

771—1 

such that 

2pn 



\u 



ptn 



e L^n) and |Vm| G M^7+T+?(f7). 



In this case too the lower order term \u\p ^u has a regularizing effeet. Indeed, if 
p > ^_^ , we have a distributional solution for any to, > 1. This is not always the 
case for problem (11.61) . If p is larger, that is p > "^_. we even find a finite energy 
(i.e., _ffg(ri)) solution, for any to > 1. 

Notice that in the case where 7 = 0, we get the same results obtained in [13) . 
for elliptic coercive problems; moreover these results are a generalization of [6]. 

In the spirit of problem (|1.2p . the second problem that we will study in this 
paper is 

, > J —div {a{x,u)Wu) + h{u) = f mfl 

^ > { u = onn 

under the following assumptions on the lower order term h. Let cr be a real positive 
constant; we assume that the function h : [0, cr) — >■ R is increasing, continuous, 
h{0) = and limg^^.- h{s) = +(X). 

We will show the existence of a solution u such that h(u) £ L^{il) and 



a(a;, u)Vu • V<y9 + / h{u)ip — / /v 
SI Jn Jn 

for every ip e H^{n) n L°°{n). 

Theorem 1.6. Let f be a positive L^(fl) function. Then there exists a solution 
u G H^{n) n L°°(f7) to problem HTB . 

This result shows that the presence of the lower order term h{u) has a strong 
regularizing effect: it is sufficient to compare the summability that we have found 
to summabilities (|1.7p and (II. 8p for the solution to the same problem, without the 
lower order term h(u). 

Notice that the same results of Theorems II. 4i 11.51 and 11.61 can be obtained for 
more general lower order terms, depending also on the variable x. 

2. Preliminaries 

We will use the following approximating problems to prove Theorems 11.41 and 
[L5l 

-dWia{x,Tn{v))Vv) + \v\P-\i = Tnif) in fl 



(2-1) 1 n an 

^ ' ' V = on oU 

The following lemma will be very useful, as it gives us an a priori estimate on the 
summability of the solutions to problems p.ip . 
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Lemma 2.1. Let f e L™(i7), m > 1. Then, for every n e N, there exists a 
solution Un £ i?o(ri) to problems \2.1]) such that 

(2.2) [\unr<f\fr; 

Un satisfies 

(2.3) / a(x,r„('u„))VM„ . V(p+ / |u„|P"^M„(p= / Tn{f)(p 

Jn Jn Jn 

for every ip G HQ{il) . 
Proof. The operator 

V -^ -div(a(a;,T„(w))Vw) + \v\p-^v , v £ H^{n) 

satisfies the hypothesis of standard theorems for ehiptic operators (see [TO); there- 
fore there exists a solution w„ G -ffo(^) to problems (|2.ip which satisfies (|2.3p . 
To show estimate (j2.2p . we will consider the cases m > 1 e m = 1 separately. 
Case m > 1: Choosing ip = \un\^^"^~^'> sgn{un) in (I2.3P one gets 

/SI Jo 

the Holder inequality on the right hand side yields 



Kr < 11/11. 

n Un 



which implies 



Case ni ~ 1: Choosing ip = —^ in (|2.3p we get 



.nrW^^ < f TM)^^ 



n k Jn k Jn 



Fatou's lemma implies, for fc — > 0, estimate p.2p . D 



In the study of entropy solutions to problem ()1.9p we will need the following 
lemmas. 

Lemma 2.2. Let u be a measurable function in M'^(fl), s > 0, and suppose that 
there exists a positive constant p > such that 

\WTk{u)f <CkP yk>Q, VneN. 
n 

Then \Vu\ eM^{n). 

Remark 2.3. Lemma 12.21 is true for sequences too. That is, if w„ is a sequence of 

measurable functions such that 

C 
\{\un\ >k}\<— VneN 

s > 0, and there exists a positive constant p > such that 

/ \yTkiun)\^ < c kp yk>o, 

Jn 
then 

|{|Vu„| > k}\ < -^^ VneN. 
kp+' 
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Proof. See [I|. D 

Lemma 2.4. Let Un be a sequence of measurable functions such that Tk{un) is 
bounded in i/g (J7) for every k > 0. Then there exists a measurable function u such 
that Tk{u) G Hq{VI) and, up to a subsequence, Un -^ u a.e. in VI and Tk{un) -^ 
Tk{u) weakly in HQ{Vt). 

Proof. See [2j. D 

3. Proofs 

To show Theorems 11.41 and 11.51 we will pass to the limit in (|2.3|) . All along the 
proofs C will denote a constant depending only on p,m,a, ||/||„ and 7. 
Let us begin with the proof of Theorem 11.41 



Proof. We divide our proof into two parts: in the first one we will study the case 
where p > 7 + 1, showing the existence of a distributional solution to problem 
(jl.9p . and in the second one we will show the existence of an entropy solution for 

<p < 7 + 1. 

PART I: Let p > 7 + 1. If we choose 1^ = [(1 + \un\)^^^ - l]sgn{un), with A > 1, 
in (j2.3p we get, using assumption (|1.4|) on a 



Now, let q < 2; writing 



Jn (1 + \u„\)2(^+^> 



and using the Holder inequality with exponent -, we get from p.ip 

Vw„r<C7f /(l + |u„|)^(^+^) 
n KJn 

Thanks to Lemma [131 the right hand side is uniformly bounded if 15^(7 + A) = p, 
that is q = ^ . . Since A > 1, then q > 1 and so we get that u„ is uniformly 
bounded in Wq (il), for /3 < ^\i ■ As a consequence there exists a function 
u G Wq (^), /3 < +^+1 such that u„ — )■ w weakly in Wg {^), up to a subsequence. 
Moreover Un ^ u a.e. in fl and this implies that u 6 L^^fl). 

We are going to show that u is a distributional solution to problem (|1.9p passing 
to the limit in (|2.3I) . We will suppose that ip e C^{ft). For the first term of the 
left-hand side, it is sufficient to observe that Vw„ —> Vu weakly in L^{il) and 
a(a;, T!„(m„))V(/3 — t- a{x,u)\7ip in L™(J7) for every m, due to assumption (jl.Sp on a. 
The limit of the second term is a little more delicate. Even if the principal part of 
our differential operator is degenerate, on can show the following estimate, in the 
spirit of [8]: 

(3.2) J \u„\P< J \f\. 

{l«„l>t} {\u„\>t} 
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Indeed, let ipi be a sequence of increasing, positive, uniformly bounded C°°(r2) 
functions, such that 

{1, s>t 

0, \s\<t 

-1, s<-t. 
Choosing ^Ji{un) in (I2.3p . we get 

\Un\^'^Unll;i{u,i) < / Tn{f) lki{Un) . 



The limit on i implies (|3.2p . We are going to use this inequality to show that if E 
is any measurable subset of $7, then 

lim / |ii„|'' = uniformly with respect to n . 

\E\^0j 
E 

Using assumption p.2p . for any i > we have 



\Un\''<tP\E\+ J K\P<tP\E\+ J \f\. 

B Bn{|u„|>i} {|«„|>t} 

The previous lemma and the fact that / 6 L^{Vl) allow us to say that for any given 
e > 0, there exists tp such that 

l/l<e- 



{\u„\>t,} 

In this way 

E 

and so 

lim l\uj'<e V£>0. 

E 

We thus proved that lim J |un|^ — uniformly with respect to n. Vitali's theorem 

implies that |u„|p~^u„ -^ |u|p~^u in L^{Vl) and so we can pass to the limit in the 
second term of the left-hand side of (j2.3p . We get a distributional solution to 
problem (jl.9p in this way. 

Part II: Let p > 0. Let us choose Tk{un) as test function in (|2.3p : 

a(x,r„(u„))Vu„ ■ VTfe(u„) + / \Un\P~^UnTk{Un) ^ / Tn{f)Tk{Un). 

In Jn Jn 

In this way we have 

/ a{x,Tn{Un))VUn-VTk{Un) <Ck, 

Jn 
and so 



|VrfeK)r <CA:(l + fc)T. 

In 

Lemma [2.41 implies the existence of a measurable function u such that V/c > 0, 
Tfe(u) G Hq{Q), and, up to a subsequence, Tk{un) — ^ Tk{u) weakly in Hq{Q), 
and Un -^ u a.e. in Q.. Fatou's lemma implies that |u|^ S L^{Vt). To prove that 
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2p 

|Vw| S M^+p+i (il), one can pass to the limit, as n — > oo, in the previous inequahty 
to get 

|vrfe(u)p <cfc(i + fc)^. 

Using Lemma 1^?^ |Vm| S M^+fc(ri). 

We claim that u is an entropy solution. Indeed, let us choose Tk{un — v?), 
if e i?o(^) n i°°(f^) as test function in ([23)1 : 

a{x,Tn{Un))\7Un-\/Tk{Un-ip)+ |m„ |^"^U„ Tfe (u„ - V') = / Tn{f)Tk{Un-(p). 

n Jn Jn 

For the second term of the left hand side and for the right hand side, one can use 
the Fatou's lemma to pass to the limit. For the first term of the left hand side, we 
can use the same technique as in [T (Theorem 1.17). Indeed, let us write it as 



a{x,Tn{Un))\S7Tk{u.n ~ ip)\ +/ a(x, r„ (u„)) V(/9 • VTfe (u„ - (p) . 

n Jn 

Passing to the limit in the first term, we have, since Tk{un) — > Tk{u) weakly in 
i/o(0) and Un ~^ u a.e. in fi. 



liminf / a{x,Tn{un))\VTk{un ~ (p)\ > / a{x,u)\VTk{u - ip)\ ; 
"^°° Jn Jn 

the second term tends to / a{x, u)\/ip ■ \/Tk{u — ip) . Therefore 

Jn 

liminf/ a(x, T„(u„))Vu„ • Vrfc(u„ - (^) > / a{x,u)Vu ■ \7Tk{u ~ ip) . 
"^°° Jn Jn 



D 



Let us show Theorem 11.51 that is the existence of solutions to problem (|1.9p in 
the case where / G L™(fl), m > I. 

Proof. We will divide our proof into three parts, according to the different values 
of p. 

7+1 

PART I: Suppose p > . If wc choose ip = [{1 + |u„|)''+-'^ — l]3gn{un) in 

m — 1 

we get, using assumption (II. 4p on a 



C 



|Vm„ 



(1 + |T„K)|)7' 



(1 + |T„(u„)l)^ < / |T„(/)| [(1 + |u„|P+^ - 1] 



SI n 

As a consequence 

yivu„|2<cyi/ii„^P 

n n 

The Holder inequality on the right hand side and Lemma |2 . 1 1 imply that 



17+1 



j MWuuV^' <\\f\\. 



|(7+l);;rrT 



LO 



< oo 
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if (7 + l);;;7ri ^ P"^- Under this assumption 

/'|Vu„p<C, VnGN. 

Q 

Up to a subsequence, there exists a function u G HQ{fl) such that u„ — > u weakly 
in iJo^(rj) and a.e. in ft. Moreover u G LP"'{n). 

We are going to show that u is a solution to problem (|1.9p . passing to the limit 
in (|2.3p . For the first term of the left-hand side, it is sufficient to observe that 
a(a;,r„(M„))V(p — ?> a{x,u)'S/ip in L'"(i7), for any r > 1, due to assumption (|1.5I) on 
a. For the second term, since |m„|''~^u„ is uniformly bounded in L™(J7) with m > 1 
and Un ^>- u a.e., we can deduce that |u„|p^^u„ — ^ |u|^~^u in L^{n). 

PART II: Suppose ^— < p < 2±1. if we choose ip = [{I + |u„|)p(™-i) - 

^_^ 771—1 771—1 

I]s5r7(u„) in (j2.3p . we get, using assumption (jl.41) on a 

(i + K|)7-p(™-i)+i^^i l^ll""l 

Now, using the Holder inequality in the right hand side of the previous inequality 
and Lemma I^TTl we get 



(3-3) /t ^?^^^7-^T-T < C 

n 



\Ur, 

.n 



<C VnGN. 



From the other hand, let cr < 2; writing 

and using the Holder inequality with exponent -, we get from p.3p 

Thanks to Lemma [2711 if [7 — n(7n — 1) + ll = pm, that is cr = , the 

2-cr^' ^ ; J ^ ' ^+p^_l' 

last quantity is uniformly bounded. Notice that cr < 2, since we are assuming that 

T ^ 1 2x7777 

p < . If > 1, the fact that 

7)7—1 7+p+l 

|Vu„|^^ < C VnGN 



n 



1. 



2pn 



implies the existence of a function u G Wq ^+''+^ (fi) such that, up to a subsequence 



1 2p" 

^ '74 



7t„ — i> u weakly in Wq ' ^^''^^ (Jl) and a.e. in J7; moreover jwlP™ G L^(ri). One can 
show that u is a distributional solution to problem (|1.9|) . as in PART I. 



7 

PART III: Suppose that p < . We show that there exists an entropy 

7n — 1 

solution to problem (|1.9p . Estimate p.Sp (obtained indipendently from the value 



10 GISELLA CROCE 

of p) implies that 

|V«„|2 



<c 



(l + |u„|)'^-p(™-i)+i 
{|«„|>fc} 

and consequently 

{|u„|<fe} 

Thanks to Lemma [2^ there exists a fmiction u such that Tfe(w) G iJo(f^), Vfc, 
Tk{un) — > Tk{u) weakly in 7JQ(n) and Un ^> u a.e. in fi. Therefore we can pass to 
the limit as n — >■ oo in the previous inequality to get 

|VTfc(u)|2 < C(l + fc)7-p(™-i)+i . 

Lemma [2^ gives us, if p < ^^i- 

|Vu| 6 Af^+rT?(rj). 

Since lunlP™ is uniformly bounded in L^(ri), we can say that \uY'"^ G L^{^). One 
can show that u is an entropy solution, using the same method as in PART II of 
the proof of Theorem 11.41 D 

We are going to show Theorem 11.61 We will follow the technique used in [5^ . In 
the lemma below we prove the existence of a solution to problem (|l.lip in the case 
where the datum / is a bounded function. 

Lemma 3.1. Let f be a positive L°°(Cl) function. Then there exists a distributional 
solution u £ L°°{fl) n HQ{fl) to problem il.ll]) . Moreover < u{x) < a a.e. in fl. 

Proof. The standard theorems on elliptic operators (see [16]) imply the existence 
of a solution u„ S HQ{n) to the approximating problems 

-div {a{x,Tn{v))Vv) + hn{v) = f in 57 
V = Q on rj 

where 

{/i(s), h{s) < n and s < a 

n, h{s) > n and s < a 

n, s > a . 

The use of (u„ — ^^^(||/||oo))^ as test function yields 

ihn{u„)-f){Un-h-\\\f\U)+<0. 

in 
From the previous inequality we have 

0> I {TniKUr.)) - f)iUn - h-\\\f\U) 

{Hu„}>\\f\\^} 

(hiur,) - f)iu^ ~ h-\\\f\U) 



{n>h{u„)>\\f\\^} 

+ 

{h(u„)>n>||/||„} 



/ {n-fKun-h-\\\f\U)>0. 
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This implies that 



o<M«„)< 11/11, 



and so 

(3.4) 0<Un<h-H\\f\\^)<a-e. 

Choosing ip — Un we get an uniform bomid for the HqITI) norm of m„. Indeed using 
assumption (|1.4I) on a and the fact that /i(u„) > 0, p.4[) imphes that 

1^"""' <llflL.. 



[l + ar 
n 



This yields the existence of a function u € HqI^I) n L°°{il.) such that, up to a 
subsequence, Un ^ u weakly in Hq^H) and a.e. in fl. Remark that m„ = Tn{un) 
for n large enough. Consequently u„ satisfies 

a{x,Un)VUn-Vip+ h„{Un)ip^ f if V (^ G i/o^ (f}) H L°° (O) . 



Let us show that u is a solution to ()l.lip , passing to the limit in the previous equal- 
ity. About the first term it is sufficient to observe that a(a::,M„)Vu„ -^ a{x,u)yu 
weakly in L^{il), because a{x,Un) — > a{x,u) in L'^{n) and Vu„ — > Vu weakly in 
L^(rj). One can use the same technique as in [4 to pass to the limit in the second 
term using (|3.4[) and to show that h{u) G L^(Sl). D 

We remark that the previous lemma gives us an upper bound for the solution u 
(that is u < a — e) independently on the datum /. 
We are now able to show Theorem 11.61 



Proof. The following sequence of approximating problems 

-div {a{x,v)yv) + h{v) — Tn{f) in Vl 
w = on d^ 

has a solution m„ such that < u„ < cr — e for every n G N, according to the 
previous lemma; u„ satisfies 

(3.5) f a{x,Un)Vun-Vp+ f h,,{un)^^ frnif)^ V ^ E H^{n) H L"^ {ft) . 

fi SI n 

As in the previous lemma one has 

"i (TT^-"^"^"- 

n 

Therefore there exists a function u G i/p (fJ) such that, up to a subsequence, u„ -^ u 
weakly in Hq(P.) and a.e. in 17; moreover < u < cr. To show that u is a solution to 
(11.111) . we pass to the limit in p.Sp . As in the previous Lemma, it is easy to prove 
that a(x,Un)'S/un -^ a(x,u)'S/u weakly in L^(r2). One can use the same technique 
as in [4] to pass to the limit in the second term. Indeed showing the estimate 

Ku.,,) < J f 

{s<UrL<(T} {s<Un<(j} 



12 GISELLA CROCE 

one can prove that for any measurable set E C fl 

J h{u„)< I ,f + h{s)\E\. 

Since lim \{s < Un < (t}\ = we get that {h{un)} is equi-integrable. This imphes 
that h{un) — > h{u) in L'^iyt), as required. D 



[1 
[2: 

[3; 
[4; 
[5; 

[6; 
[7; 

[s; 
[9; 
[10: 
[11 
[12: 
[is; 

[14 

[15: 

[16; 
[17; 

[is; 
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